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SUMS OF TWO INTEGER SQUARES
IN A CERTAIN QUARTIC EXTENSION

Albertas Zinevičius

Abstract. An example of a quartic extension of the rational number field
that does not have quadratic subfields and there exists a set of rational prime
numbers p ≡ 3 (mod 4) of positive Dirichlet density such that either p or 31p
is a sum of two squares of integers of the extension is given.

1. Introduction

In [11] it was proved that, given a number field K, there is a set of rational prime
numbers of positive Dirichlet density that are not sums of two cubes of integers
of K. In comparison, every rational integer is a sum of two squares of Gaussian
integers (sums of two integer squares in quadratic extensions have been studied, for
example, in [7] and [9]). In fact if K = Q(

√
−D) (where D is a square-free positive

integer) is any other imaginary quadratic extension there exists a nonzero constant
a such that the set of rational prime numbers p ≡ 3 (mod 4) for which ap is a sum
of two squares of integers of K has positive upper Dirichlet density. Indeed consider
the Galois group Gal(H(K(i))/Q) of the Hilbert class field H(K(i)) of K(i). If the
Frobenius automorphism of some prime ideal in H(K(i)) above the rational prime
ideal (p) is in the division of the complex conjugation automorphism then (p) is
inert in extensions K,Q(i) and has a principal prime ideal factor (x+ yi) of degree
2 in K(i) where 2x, 2y are some integers of K. Therefore the ideal (p) is equal to
(x2 + y2) and since the only roots of unity in K are ±1 (or the sixth roots of unity
in the case D = 3), either 4p or 4Dp is a sum of two integer squares. It is therefore
interesting to find an example of an extension K that has the aforementioned
property and does not contain any quadratic subfield.

Theorem 1.1. The quartic extension generated by a root of the polynomial
x4 − 3x3 + 3x2 + 2x+ 1 does not have quadratic subfields. There exists a set of
rational prime numbers p ≡ 3 (mod 4) of positive Dirichlet density such that either
p or 31p is a sum of two squares of integers of the extension.

Notice that a related question was discussed in [1].
The following theorems will be used in the proof:
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Lemma 1.2 (Existence of Hilbert class field). [2, p. 153] If K is a number field,
there exists a unique abelian extension H(K) of K with the Galois group isomorphic
to the class group of K such that no prime ideal p ⊂ OK ramifies in H(K)/K
and no injective ring homomorphism σ : K → R extends to an injective ring
homomorphism σ : H(K)→ C with σ(H(K)) 6⊂ R. It has the property that a prime
ideal p ⊂ OK splits completely in H(K)/K if and only if it is principal.

Definition 1.3. If G is a finite group and σ ∈ G, the division of σ is the set of
all elements of G that are conjugate to σm for some m ∈ N that is coprime to the
order of σ.

Lemma 1.4 (Frobenius density theorem). [3, p. 134] If L/K is a Galois extension
of number fields and σ ∈ Gal(L/K), the Dirichlet density of the set of prime
ideals of OK that are divisible by a prime ideal of OL such that its Frobenius
automorphism is in the division of σ, is equal to the number of elements in the
division of σ divided by the number of elements of Gal(L/K).

Lemma 1.5. [3, p. 101] If K ⊂ L ⊂ M are number fields such that M/K is
Galois, the decomposition type of a prime ideal p ⊂ OK in L that is not ramified
in M/K is the same as the cycle structure of the permutation of (left) cosets of
Gal(M/K)\Gal(M/L) induced by the Frobenius automorphism of any prime ideal
q ⊂ OM above p.

Lemma 1.6. [8, p. 202] If K ⊂ L ⊂M are number fields, then the discriminant
ideals are related by

dM/K = d
[M :L]
L/K NmL/K dM/L.

Lemma 1.7. [8, p. 202] A prime ideal p ⊂ OK ramifies in the extension L/K of
number fields if and only if it divides the discriminant ideal dL/K .

Lemma 1.8. [6, p. 68] A prime ideal p ⊂ OK divides the discriminant ideal dL/K
if and only if it divides the discriminant ideal of the Galois closure of L over K.

2. Auxiliary calculations

Denote f(x) = x4 − 3x3 + 3x2 + 2x+ 1 ∈ Q[x]. Notice that

f(x) ≡ (x− 1)(x3 + x+ 1) (mod 2),

(2.1) f(x) ≡ (x2 + x+ 1)2 (mod 5).

Therefore f(x) is irreducible. The discriminant of f is disc(f) = 52132. Denote by
u a root of f(x) and denote by K the field extension Q(u).

Notice that u is a unit. Further, (u2 + u + 1)2 = 5u3, therefore the ideal (5)
ramifies in the ring of integers OK . It follows that 52 divides the discriminant
dK/Q of the extension K/Q. 132 must also divide dK/Q since otherwise [4, p. 63]
Minkowski bound would be less than 1. Therefore disc(f) = dK/Q. Consequently,
1, u, u2, u3 is a basis of OK as a Z-module.
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Since 2 does not divide disc(f), it follows from [4, p. 55] that the ideal (2)
factorizes as (2, u− 1)(2, u3 + u+ 1) in OK . Therefore the extension K/Q is not
Galois and the degree of its Galois closure is divisible by 3. On the other hand,
disc(f) is a square, therefore the Galois group of f must be a subgroup of the
alternating group A4 [5, p. 47]. Consequently, it must be A4. Therefore K does
not have nontrivial subfields. In particular, the only roots of unity in K are ±1.
Since the polynomial f does not have real roots, the unit group of OK has rank 1,
as follows from the Dirichlet unit theorem.

Lemma 2.1. u,−u are not squares in OK .

Proof. If u = β2 for some β ∈ OK , then f(β2) = 0. Therefore f(x2) must be
divisible by the minimal polynomial of β of degree 4. However

f(x2) ≡ (x6 − x4 + x2 + 1)(x2 + 1) (mod 3)
and the polynomial x6−x4 +x2 + 1 ∈ F3[x] is irreducible. Contradiction. Therefore
u is not a square in OK .

If −u = β2 for some β ∈ OK , then f(−β2) = 0. Therefore f(−x2) must be
divisible by the minimal polynomial of β of degree 4. However

f(−x2) ≡ (x6 − x4 − 4x2 + 3)(x2 + 4) (mod 11)
and the polynomial x6−x4−4x2+3 ∈ F11[x] is irreducible. Contradiction. Therefore
−u is not a square in OK . �

Lemma 2.2. The ring of integers of K(i) is OK [i].

Proof. dK(i)/K divides (dK(i)/K(1, i)) = (−4). Therefore from lemma 1.6,

dK(i)/Q = d
[K(i):K]
K/Q NmK/Q dK(i)/K = (541342e)

for some nonnegative integer e ≤ 8. On the other hand,

dK(i)/Q = d
[K(i):Q(i)]
Q(i)/Q NmQ(i)/Q dK(i)/Q(i) = (−4)4 NmQ(i)/Q dK(i)/Q(i).

Therefore e = 8. Since 5413428 = dK(i)/Q(1, u, u2, u3, i, ui, u2i, u3i), the ring of
integers of K(i) must be Z+Zu+Zu2 +Zu3 +Zi+Zui+Zu2i+Zu3i = OK [i]. �

3. Proof of the theorem

From lemma 1.7 it follows that the prime ideal (31) ⊂ Z does not ramify in the
Hilbert class field H(K(i)) of K(i). From lemma 1.8, the ideal (31) does not ramify
in the Galois closure M (with respect to the base field Q) of H(K(i)).

The polynomial f(x) has no root modulo 31. On the other hand,
(3.1) − 31u = (2u2 − 6u− 3)(2u3 − 6u2 + 9u+ 4)
and NmK/Q(2u2− 6u− 3) = 312. Consequently the ideals p1 = (2u2− 6u− 3), p2 =
(2u3 − 6u2 + 9u+ 4) are prime, of degree 2. Since

2u3 − 6u2 + 9u+ 4 = (u3 − 3u2 + 2u+ 2)2 + 12,(3.2)
2u3 − 6u2 − 3u = (2u2 − 1)2 + (u3 − u2 − 2u)2,(3.3)
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the prime ideals p1, p2 split completely into a product of principal ideals in the
extension K(i)/K. From lemma 1.2 it follows that the factors split completely
in the extension H(K(i))/K(i). Therefore (31) splits into a product of ideals of
degree 2 in H(K(i)).

Denote by q any prime factor of (31) in OM and denote by σ ∈ Gal(M/Q) the
Frobenius automorphism of q. It follows from lemma 1.5 that the permutation
of Gal(M/Q)\Gal(M/L) induced by σ is a product of disjoint 2-cycles when
L is Q(i),K,K(i), H(K(i)). Since the restriction of σ to Q(i) is the Frobenius
automorphism of q ∩ OQ(i), and since (31) is inert in Q(i), the order of σ|Q(i) is 2.
Therefore the order of σ in Gal(M/Q) is even. Denote by m any positive integer
that is coprime to the order of σ. Then m is odd.

If τ Gal(M/L), στ Gal(M/L) is a 2-cycle induced by σ, then σ2τ Gal(M/L) =
τ Gal(M/L). Consequently, σmτ Gal(M/L) = στ Gal(M/L) and (σm)2τ Gal(M/L)
= τ Gal(M/L). Therefore the permutation of Gal(M/Q)\Gal(M/L) induced by
σm is the product of the same disjoint 2-cycles as is the permutation induced by σ.
Therefore any prime ideal (p) ⊂ Z (generated by a prime number p > 0) that is not
ramified in M/Q and has a prime ideal factor in OM with Frobenius automorphism
σm is a product of prime ideals of degree 2 in OQ(i),OK ,OK(i),OH(K(i)). If (p) has
a prime ideal factor with Frobenius automorphism conjugate to σm, then it also
has a prime ideal factor with Frobenius automorphism σm [4, p. 134]. Therefore
every prime ideal (p) ⊂ Z that is not ramified in M/Q and has a prime ideal
factor with Frobenius automorphism in the division of σ is a product of prime
ideals of degree 2 in OQ(i),OK ,OK(i),OH(K(i)). In particular, (p) is inert in Q(i)/Q,
therefore p ≡ 3 (mod 4). It follows from lemma 1.4 that the Dirichlet density of
such (p) is positive. The prime ideal factors of (p) in K(i) split completely in the
extension H(K(i))/K(i) and therefore must be principal ideals. Moreover, they
form two pairs of ideals that are conjugate by an element of Gal(K(i)/K). By
lemma 2.2, the ideals of such pair are of the form (β1 + iβ2), (β1 − iβ2) for some
β1, β2 ∈ OK . Therefore the prime ideals of OK above (p) are of the form (β2

1 + β2
2).

Since the product of sums of two squares is a sum of two squares, we must have

p = ε(α2
1 + α2

2)

for some α1, α2 ∈ OK and ε ∈ O×K . Since the unit group of OK has rank 1 and the
only roots of unity in K are ±1, there exists a unit u0 ∈ OK such that every unit
is of the form ±ul0 for some integer l. From lemma 2.1,

u = ±ul0
for some odd integer l. Since

(2u)2 + (1 + u− u2)2 = u3,

u is a sum of two squares. Therefore either u0 or −u0 is a sum of two squares.
Consequently either p or −p is a sum of two squares in OK .

It follows from equations 3.1, 3.2, 3.3 that −31u is a sum of two squares and
therefore −31 is a sum of two squares. Therefore if p is not a sum of two squares
then −p · (−31) is.
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