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CHARACTERISTIC FORMS OF COMPLEX
CARTAN GEOMETRIES III: G-STRUCTURES

Benjamin McKay

Abstract. Characteristic class relations in Dolbeault cohomology follow from
the existence of a holomorphic geometric structure (for example, holomorphic
conformal structures, holomorphic Engel distributions, holomorphic projective
connections, and holomorphic foliations). These relations can be calculated
directly from the representation theory of the structure group, without selecting
any metric or connection or having any knowledge of the Dolbeault cohomology
groups of the manifold. This paper improves on its predecessor [17] by allowing
infinite type geometric structures.

1. Introduction

We explain how to compute equations on Chern classes and Chern–Simons
invariants of various holomorphic geometric structures on complex manifolds.
Applied to holomorphic foliations, for example, our computational recipe trivially
yields the Baum–Bott theorem.

2. Holomorphic geometric structures

We need the notation, so we will define G-structures [10].

2.1. Notation. Denote the Lie algebra of a Lie group G as g, and similarly denote
the Lie algebra of any Lie group by the corresponding fraktur font expression. All
Lie groups are complex analytic and finite dimensional. All G-modules are finite
dimensional and holomorphic. Denote the left invariant Maurer–Cartan 1-form on
G as g−1dg. Take a holomorphic right principal bundle G → E → M . For each
vector v ∈ g, denote also by v the associated vector field on E: for any x ∈ E,

v(x) = d

dt

∣∣∣∣
t=0

x etv.

If we wish to be more precise, we denote the vector field v on E as vE . For any
G-action on a manifold X, denote by E×GX the quotient of E×X by the diagonal
right G-action (e, x)h = (eh, h−1x). If V is a complex analytic G-module, denote
the associated vector bundle by V := E ×G V .
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2.2. Infinitesimal theory of G-structures. Let us recall the usual representa-
tion theory associated to G-structures [10], [14] chapter 8, [21], in the complex
analytic setting. Suppose that G is a complex Lie group and V a finite dimensional
holomorphic G-module. For each a⊗ ξ ∈ g⊗ V ∗, define ρa⊗ξ ∈ V ∗ ⊗ V ∗ ⊗ V by

ρa⊗ξ : x⊗ y ∈ V ⊗ V 7→ ρa⊗ξ(x, y) := ξ(y)a(x) ∈ V
and extend by complex linearity:

ρ : g⊗ V ∗ → V ∗ ⊗ V ∗ ⊗ V .
Define

δ : g⊗ V ∗ → V ⊗ Λ2V ∗,

by, for x, y ∈ V , a ∈ g and ξ ∈ V ∗,
δξ⊗a(x, y) = ξ(y)a(x)− ξ(x)a(y) .

Let g(1) ⊆ g⊗ V ∗ be the kernel of δ. So elements of g(1) are precisely elements of
g⊗ V ∗ mapped by ρ to V ⊗ Sym2 V ∗. We get g⊗ V ∗ to act on V1 := V ⊕ g by

(a⊗ ξ)(x, b) = (x, b+ ξ(x)a) .
The prolongation of the G-module V is the G1-module V1 where G1 := G o g(1)

acting on V1 by usual action of G and by this action of g(1) ⊆ g⊗ V ∗. Define the
Spencer cohomology H0,2(g) by the exact sequence of G-modules

0 g(1) g⊗ V ∗ V ⊗ Λ2V ∗ H0,2(g) 0 .δ []

The abelian group g(1) ⊂ g⊗ V ∗ acts on V ⊕ g by
Q ∈ g(1), (v,A) ∈ V ⊕ g 7→ (v,Qv +A) .

Let g ∈ G act on Q ∈ Sym2 V ∗ ⊗ V by
(gQ)(u, v) := g(Q(g−1u, g−1v)),

Form the semidirect product Go g(1) by
(g1, Q1)(g2, Q2) := (g1g2, Q1 + g1Q2) .

2.3. G-structures. Pick a finite dimensional complex vector space V and a com-
plex manifold M of dimension equal to that of V . The V -valued frame bundle of M
is the set FM of all pairs (m,u) of point m ∈M and complex linear isomorphism
u : TmM → V . Let π : (m,u) ∈ FM → m ∈ M . The group GLV acts on FM
by the right action (m,u)g = (m, g−1u), also denoted rg(m,u). Clearly FM is a
holomorphic principal right GLV -bundle. The soldering form σ is the V -valued
differential form whose value on a vector v ∈ T(m,u)FM is v σ = u(π′(m,u)v), so
that r∗gσ = Ad−1

g σ for g ∈ GLV . Differentiating, Lvσ = −[v, σ] for v ∈ glV . By the
Cartan formula, Lvσ = v dσ + d(v σ) = v dσ.

Suppose that G is a complex group and that V is a G-module with representation
ρV : G→ GLV . We also denote by ρV the associated Lie algebra morphism g→ glV .
A G-structure on M is a holomorphic right principal G-bundle E →M together
with a G-equivariant holomorphic bundle map E → FM . If ρV is an embedding,
G-structures can also be described as holomorphic sections of FM/G→M .
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A connection covector at a point e0 ∈ E is a covector γ ∈ T ∗e0
E ⊗ g so that

v γ = v for v ∈ g. From the above,

dσ = −γ ∧ σ + tσ2

for some t ∈ Λ2V ∗ ⊗ V , the torsion of the pseudoconnection, where σ2 means

(σ2)ij = 1
2σ

i ∧ σj .

Any two connection covectors γ, γ′ agree up to γ′ = γ + Aσ where A ∈ V ∗ ⊗ g.
The difference in torsion is t′ = t+ δA. Therefore the projection T of t to Spencer
cohomology, the torsion of the G-structure at e0 ∈ E, is defined independently of
the choice of connection covector. Clearly T is G-equivariant, giving a section T of
the torsion bundle: the holomorphic vector bundle E ×G H0,2(g).

An anchor for the G-structure is a section of the associated vector bundle

V⊗ Λ2V∗ = E ×G
(
V ⊗ Λ2V ∗

)
,

which lifts the intrinsic torsion, i.e. has image T in Spencer cohomology; if an anchor
exists, the G-structure is anchored or prolongs. An anchor exists, for example, if
that associated vector bundle has trivial first cohomology, or if the intrinsic torsion
vanishes (so we can use 0 as anchor), or if G is reductive, since we can then lift every
morphism of G-modules. For each anchor t, the associated prolongation E(1) = E

(1)
t

of the G-structure consists of the set of triples (m,u, γ) of point (m,u) ∈ FM
and connection covector γ at that point whose torsion agrees with the anchor t.
Thinking of g(1) as a complex Lie group under addition, the prolongation E(1) is
a principal right G o g(1)-bundle over M and a principal right g(1)-bundle over
E; denote the bundle maps as πE : E(1) → E and πM : E(1) → M . Pullback the
soldering form σ from E, and calling it by the same name. Define the prolongation
1-form γ on E by

v γ(m0,u0,γ0) = π′E(v) γ0 .

Note that E(1) → E is a g(1)-structure, the prolongation of E, mapped to the frame
bundle of E by

(m0, u0, γ0) 7→ (u0 ◦ π′E(m0, u0), γ0) .

The right action of g(1) on E(1) is

(m0, u0, γ0)Q := (m0, u0, γ0 −Qσ) .

Under this action,

r∗Qσ = σ ,

r∗Qγ = γ −Qσ .

The group G also acts on the right on E(1), so that the bundle map E(1) → E is
equivariant, by

(m0, u0, γ0)g := (m0, g
−1u0,Ad−1

g

(
γ0(r−1

g )′
)
,
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giving an action of the semidirect product Go g(1). Under this action

r∗(g,Q)σ = g−1σ ,

r∗(g,Q)γ = Ad−1
g γ −Qg−1σ .

We can cover E(1) in open sets E(1)
a on each of which we can pick some prolongation

pseudoconnection form, a (holomorphic) (1, 0)-form σa on E
(1)
a valued in g(1), so

that for (v, q) in the Lie algebra of Go g(1), (v, q) σa = q. Our forms σ, γ then
satisfy Cartan’s structure equations:

dσ + γ ∧ σ = tσ2 ,

dγ + 1
2[γγ] +$a ∧ σ = kaσ

2,

where ka : E(1)
a → g ⊗ Λ2V ∗ is the curvature. On the overlaps Eab := Ea ∩ Eb,

ϕb −$a = pabσ for a unique C∞ (holomorphic) map pab : Eab → V ∗ ⊗ g(1).

2.4. Langlands decomposition. A Langlands decomposition of a complex Lie
group G is a semidirect product decomposition G = G0 nG+ in closed complex
subgroups, where G+ is a connected and simply connected solvable complex Lie
group and G0 is a reductive complex linear algebraic group. For example:

(1) This definition generalizes the usual Langlands decomposition of any para-
bolic subgroups of any complex semisimple Lie group [16] p. 481.

(2) Every connected and simply connected complex Lie group G admits a
Langlands decomposition in which G0 is a maximal semisimple subgroup
and G+ is the solvradical [22] p. 244 theorem 3.18.13.

(3) Any connected complex Lie group G admits a faithful holomorphic repre-
sentation just when it admits a Langlands decomposition in which G0 is
a complex linearly reductive group and G+ is the nilradical [12] p. 595
theorem 16.2.7.

(4) Every complex linear algebraic group G (perhaps disconnected) admits a
Langlands decomposition in which G0 ⊂ G is a maximal reductive subgroup
and G+ ⊂ G is the unipotent radical [13] p. 117 theorem 4.3. In all of our
examples below, G will be complex linear algebraic.

Every connected and simply connected solvable complex Lie group G+ is biholo-
morphic to complex affine space [12] p. 543 theorem 14.3.8, and so is a contractible
Stein manifold.

A Langlands decomposition of a filtered G-module V is a Langlands decomposi-
tion Go g(1) = G0 oG+ so that G0 ⊆ G and G+ acts trivially on the associated
graded.

2.5. Infinitesimal characteristic forms. Take a complex Lie group G and
G-module V with a Langlands decomposition, and an g0-module W , with Lie
algebra action ρW : g0 → glW . Each x = a⊗ ξ ∈ g⊗ V ∗ and y ∈ V has associated
x(y) = ξ(y)a ∈ g, contracting on V ∗, V . Since g(1) ⊆ g ⊗ V ∗, we can take any
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x ∈ g(1) and y ∈ V ∗ and this defines x(y) ∈ g. Denote by projg0(x(y)) the projec-
tion of this element of g to g0 by the Langlands decomposition. The Atiyah form
a = aW is the element

a ∈ g(1)∗ ⊗ V ∗ ⊗ glW

given by
a(x, y) = −ρW ◦ projg0(x(y)) ,

for x ∈ g(1), y ∈ V . If W is not specified, we take W := g0. (Note that we do not
require that W be a G0-module, so there might not be an associated vector bundle
for a G-structure.) The Chern forms ck are

ck ∈ Symk g(1) ⊗ V
∗

given by

det
(
I + ia

2π

)
= 1 + c1 + c2 + · · · = c .

Analogously define the Chern character forms and Todd forms. More generally, if
f is an g0-invariant complex symmetric multilinear form on g0, say of degree k, we
associate to f the element, denoted by the same name,

f ∈ Symk g(1) ⊗ V
∗

given by f(a, . . . , a). The Chern–Simons form of f is

Tf (u, v, w+, w−) :=
k−1∑
j=0

ajf
(
u, v, . . . , v︸ ︷︷ ︸

j

, a(w+, w−), . . . , a(w+, w−)︸ ︷︷ ︸
k−j−1

)
where

aj := (−1)j(k − 1)!
(k + j)!(k − 1− j)!

and

u, v ∈ g0 ,

w+ ∈ g(1) ,

w− ∈ V .

(N.B. the expression for aj is not the same as in the paper of Chern and Simons
[9]; their Aj is Aj = aj/2j .) The splitting principle: if 0→ U → V →W → 0 is an
exact sequence of g0-modules, extend a basis of U into a basis of V , so

aV =
(
aU ∗
0 aW

)
and compute the determinant: c(U)c(W ) = c(V ). The tangent bundle Atiyah form
is

aT : x ∈ g(1), y, z ∈ V 7→ a(x, y)z + a(x, z)y
2 .
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3. Characteristic classes

3.1. The connection bundle. We review some well known material to esta-
blish notation and terminology, following the standard references [2, 9] . Take a
holomorphic right principal bundle

G // E
π .��

M

Let adE := E ×G g. The G-invariant exact sequence

0 −→ kerπ′ −→ TE
π′−−→ π∗TM −→ 0

of vector bundles on E quotients by G-action to an exact sequence of vector bundles
on M :

0 −→ adE −→ AtE −→ TM −→ 0
with middle term AtE the Atiyah bundle. A holomorphic (C∞) splitting s of this
exact sequence determines and is determined by a holomorphic (C∞) (1, 0)-connec-
tion ω = ωs for the bundle E →M . The connection form is the unique (1, 0)-form so
that s(v) ω = 0 and w ω = w for w ∈ g, i.e. the splitting lifts each tangent vector
to its horizontal lift [2]. Write the section as s = sω. The connection bundle of E is
the affine subbundle AE ⊂ T ∗M ⊗M AtE consisting of complex linear maps which
split the sequence over some point of M . So holomorphic (C∞) (1, 0)-connections
are precisely holomorphic (C∞) sections of the connection bundle. Differences of
two connections lie in T ∗M ⊗ adE . So AE →M is a holomorphic bundle of affine
spaces, modelled on the vector bundle T ∗M ⊗M adE . Each element v ∈ AtE,m is
an G-invariant section of TE|Em → π∗TM |Em . The holomorphic (C∞) sections
of AE are precisely the holomorphic (C∞) (1, 0)-connections. Each fiber AE,m is
the set of all G-invariant sections ω of

T ∗E ⊗ g|Em
so that v ω = v for v ∈ g with G-invariance:

ωeg = Ad−1
g r−1∗

g ωe

for g ∈ G.
Denote the bundle map as δ : AE →M , with pullback

E ×M AE
∆ //

��

E

��
AE

δ // M .

Each point x ∈ E ×M AE has the form x = (m0, ω0, e0) for some m0 ∈ M ,
e0 ∈ Em, ω0 : TeE → h so that w ω0 = w for w ∈ g. There is a holomorphic
connection ω on E ×M AE defined for a tangent vector v ∈ TxE ×M AE by
v ω = (∆′(x)v) ω0 [5]. Given a holomorphic (C∞) (1, 0)-connection ω0 on
E → M , map Φ: e ∈ E → Φ(e) := (m, γ0, e) ∈ E ×M AE and compose with
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the bundle map π : E ×M AE → AE to get a section of the connection bundle.
Pullback the bundle E ×M AE by the section to get a map ϕ : E → AE , so that
ϕ∗E ×M AE = E has pullback connection ϕ∗ω = ω0.

The connection bundle of a vector bundle is the connection bundle of its asso-
ciated principal bundle.

3.2. Connection bundles of G-structures. Take a complex Lie group G, finite
dimensional holomorphic G-module V , and a Langlands decomposition Go g(1) =
G0oG+. Take a holomorphic anchored G-structure G→ E →M with prolongation
E(1) → E →M . Each point x1 ∈ E(1) has the form x1 = (m1, u1, γ1) where γ1 is
a connection covector

γ1 : T(m1,u1)E → g .

Write the associated point G+x1 ∈ E := E(1)/G+ as x1 := G+x1. Take a
G0-equivariant projection q : g → g0. The covector γ1 : T(m1,u1)E → g gives a
covector γx1 := γ1π

′
E(m1, u1) : Tx1E

(1) → g, hence a g-valued 1-form γ on E(1).
The covector qγx1 vanishes on the fibers of πE : x1 ∈ E(1) → x1 ∈ E := E(1)/G+,
i.e. is semibasic, so determines a unique covector γ

x1
: Tx1

E → g0, uniquely defined
by π∗E(γ

x1
) = qγx1π

′
E , hence a connection covector. Map

Φ: x1 = (m1, u1, γ1) ∈ E(1) 7→ (m1, γx1
, x1) ∈ E ×M AE

which we quotient by G0-action to get

E(1)

��

Φ // E ×M AE

��

∆ // E

��
E(1)/G0

φ // AE
δ // M

applying the commutative diagram of 3.1 but to E instead of E.

Lemma 1. Φ∗ω = qγ.

Proof. For m1 ∈M , x1 = (m1, u1, γ1) ∈ E(1)
m , v1 ∈ Tx1E

(1), let

y1 := (m1, γx1
, x1) = Φ(x1) ∈ E ×M AE ,

so ∆(y1) = ∆(m1, γx1
, x1) = x1.

Compute

v1 (Φ∗ω)x1 = Φ′(x1)v1 ωΦ(x1) ,

= Φ′(x1)v1 ωy1 ,
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= (∆′(y1)Φ′(x1)v1) qγ1 ,

= (∆Φ)′(x1)v1 qγ1 ,

= π′E(x1)v1 qγ1 ,

= v1 π∗Eqγ1 ,

= v1 qγ1π
′
E ,

= v1 qγx1 .

�

We take advantage of this and write ω to mean qγ henceforth. Since ω is a
holomorphic connection on E ×M AE , its curvature is Ω := dω + 1

2 [ωω], and pulls
back to a form we also denote Ω, Ω := q(dγ + 1

2 [γγ] on E(1), even though γ is not
a connection on E(1). The Bianchi identity dΩ = [Ωω] on E ×M AE ensures the
same identity on E(1), even though γ is not a connection on E(1) and Ω is not the
curvature of a connection.

Similarly, for any G0-invariant complex polynomial function f : g0 → C, thought
of as a symmetric multilinear form, the expression

fE := f(Ω, . . . ,Ω)

on E(1) is the pullback of the Chern form fE ×M AE for the connection ω on the
bundle E×M AE → AE . In particular, fE is a closed holomorphic differential form.
From Cartan’s structure equations

Ω = q(−$a ∧ σ + kσ2) .

Similarly define
Tf,E := Tf (ω, [ωω], $, σ) ,

which is the pullback of the Chern–Simons form Tf,E ×M AE , hence dTf,E = fE .

3.3. Smooth reduction of structure group. Take a complex Lie group G,
finite dimensional holomorphic G-module V , and a Langlands decomposition
Go g(1) = G0 oG+. Take a holomorphic anchored G-structure G→ E →M with
prolongation E(1) → E →M .

Since Go g(1)/G0 is contractible, E(1)/G0 →M admits a C∞ section s : M →
E(1)/G0 i.e. a C∞ G0-reduction of structure group. The 1-form γ on E(1) pulls
back to a 1-form γ on s∗E(1). Let E := E(1)/G+, a holomorphic principal right
G0-bundle G0 → E →M . So this 1-form γ extends from s∗E(1) to a unique 1-form
on E ∼= s∗E(1) which we also denote gamma, and which satisfies v γ = v for
v ∈ g0.

Lemma 2. The 1-form γ on E associated to any C∞ (or holomorphic) G0-reduction
is a C∞ (holomorphic) (1, 0)-connection 1-form.

Proof. Pick a point (m0, u0, γ0) ∈ s∗E(1), i.e. with m0 ∈ M and u0 ∈ Em0 and
(m0, u0)G0 = s(m0). So γ at the corresponding point of E is the 1-form which pulls
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back by E(1) → E to become γ at the point (m0, u0, γ0). If we replace (m0, u0, γ0)
by some point (m0, u0, γ0)(g,Q), for some (g,Q) ∈ Go g(1),

r∗(g,Q)γ = Ad−1
g γ −Qg−1σ .

In particular, for (g,Q) = (g+, 0) = g+ ∈ G+,

r∗g+
γ = Ad−1

g+
γ .

�

3.4. Characteristic forms and classes. The Atiyah form, kth Chern form,
Chern character form, Todd form, etc. of an anchored G-structure with a Langlands
decomposition is the form identified with the infinitesimal Atiyah form, kth Chern
form, Chern character form, Todd form, etc. of for any G0-invariant homogeneous
polynomial function f : h0 → C when plugging in the forms γ and $a ∧ σ:

f($,σ, . . . ,$, σ)
or, for a Chern–Simons form,

Tf (γ, γ,$, σ) .

Lemma 3. The Atiyah class, kth Chern class, and so on, in Dolbeault cohomology
of the bundle E →M of a G-structure E →M with Langlands decomposition is
the class of the (1, 1)-part, (k, k)-part, and so on, of the pullback by a C∞ section s
of the Atiyah form over each open set E(1)

a . The total Chern class, Chern character,
Todd class, and so on, in Dolbeault cohomology of the bundle E →M is the class
of the pullback of the total Chern form, and so on.

Proof. Denote by w ∈ g 7→ projg0(w) ∈ g0 some complex linear G0-invariant
projection, letting γ0 := projg0(γ). The Atiyah class [2] of E is represented by

a(M,E) = [∂̄γ0] =
[
(dγ0)1,1] .

Pick local c∞ prolongation pseudoconnection 1-forms $a. The 2-form (dγ0)1,1 pulls
back to s∗E(1)

a to
−projg0($0,1

a ∧ σ) ,
noting that the curvature terms kσ2 are (2, 0)-forms, so make no contribution to
this (1, 1)-form. Also note that when we change from $a to $b, the difference
pabσ

2 is also a (2, 0)-form, so makes no contribution to this (1, 1)-form. The Atiyah
class is represented by

(dγ0)1,1 = −projg0($0,1
a ∧ σ) ∈W 1,1

M

where W ⊂ g0 is the projection to g0 of the span of g+V . �

Example 1. If the infinitesimal first Chern form of a G-module vanishes, then
every complex manifold with a G-structure modelled on that G-module has a
holomorphic connection on its canonical bundle. This happens, for instance, for
holomorphic symplectic structures, as the symplectic group preserves the Liouville
volume form.
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Example 2. The Cartan geometries that arose in the two previous papers in this
series [18, 17] could also be described in the language of G-structures, recovering
our previous theorems for them.

For any g0-module W , even if W is not a G0-module, we still write a(M,W )
to mean the class in Dolbeault cohomology associated to ρW ◦ a, even though W
does not exist. We say that W is a ghost vector bundle.

Corollary 1. For a complex manifold admitting a G-structure, the Atiyah class of
the tangent bundle is the Dolbeault class of the (1, 1)-part of the pullback by any
C∞ section of the form identified by a local Cartan connection with the tangent
bundle Atiyah form.

The symmetry of the tangent bundle Atiyah class is a consequence of the well
known symmetry of the Atiyah class of the tangent bundle.

4. Example: Engel plane fields

An Engel plane field is a holomorphic rank 2 subbundle W ⊂ TM of the
tangent bundle of a complex 4-fold M so that, near each point, there are local
holomorphic sections u, v of W so that u, v, [uv], [u[uv]] are linearly independent
tangent vector fields. For more information, see [7] p. 50 Theorem II.5.1, [8], [20].
It is easy (essentially following the proof of [7] Theorem II.5.1) to see that the
method of equivalence yields structure equations

d


σ1

σ2

σ3

σ4

 = −


2γ3

3 + γ4
4 0 0 0

γ2
1 γ3

3 + γ4
4 0 0

γ3
1 γ3

2 γ3
3 0

γ4
1 γ4

2 γ4
3 γ4

4

 ∧

σ1

σ2

σ3

σ4

−

σ3 ∧ σ2

σ3 ∧ σ4

0
0

 .

Our first step: consider just the Lie algebra. The Lie algebra g of the structure
group G of a G-structure is the set of values of the matrix

(
γij
)

as we vary its
entries. As g consists of upper triangular matrices, every Engel plane field on any
complex manifold M determines a filtration of holomorphic vector subbundles

0 =W0 ⊂W1 ⊂W2 ⊂W3 ⊂W4 = TM

forming a complete flag. Let
a = dγ3

3 ,

b = dγ4
4 ;

differential forms which descend to the Chern classes in Dolbeault cohomology of
the quotient line bundles W3/W2 and W4/W3. The Atiyah class of the tangent
bundle lies in the same Lie algebra g. The associated graded of the filtration is
represented by the g-module:

2γ3
3 + γ4

4 0 0 0
0 γ3

3 + γ4
4 0 0

0 0 γ3
3 0

0 0 0 γ4
4


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which is also the Lie algebra g0 of the obvious Langlands decomposition, i.e. the
maximal reductive linear algebraic subgroup. Taking characteristic polynomial of
this matrix, the Chern classes of tangent bundle (or equivalently, of the associated
graded of the tangent bundle), in Dolbeault cohomology, are

c1 = i

2π (4 a+ 3 b) ,

c2 =
(

i

2π

)2
(5 a2 + 9 ab+ 3 b2) ,

c3 =
(

i

2π

)3
(2 a3 + 8 a2b+ 6 ab2 + b3) ,

c4 =
(

i

2π

)4
((2 a+ b)(a+ b)ab) .

The reader can check that

0 = c41 −
11
2 c

2
1c2 + 4c22 + 21

2 c1c3 −
75
2 c4.

Hence any complex 4-manifold M which admits an Engel plane field satisfies this
equation in the Chern classes of its tangent bundle TM , in Dolbeault cohomology.

Our second step: compute the Lie algebra prolongation g(1). We do this without
computing the prolongation of these structure equations, so we only arrive at
structure equations modulo torsion terms. Let ∇γ = −$ ∧ σ be the Atiyah form:

∇γ =


2∇γ3

3 +∇γ4
4 0 0 0

∇γ2
1 ∇γ3

3 +∇γ4
4 0 0

∇γ3
1 ∇γ3

2 ∇γ3
3 0

∇γ4
1 ∇γ4

2 ∇γ4
3 ∇γ4

4

 .

Compute ∇γ components, i.e. compute g(1):

∇



γ2
1
γ3

1
γ3

2
γ3

3
γ4

1
γ4

2
γ4

3
γ4

4


=



$2
11 $3

13 +$4
14 0 0

$3
11 $3

12 $3
13 0

$3
12 $3

22 $3
23 0

$3
13 $3

23 0 0
$4

11 $4
12 $4

13 $4
14

$4
12 $4

22 $4
23 −2$3

23
$4

13 $4
23 $4

33 0
$4

14 −2$3
23 0 0


∧


σ1

σ2

σ3

σ4

 .

Look at the last two diagonal entries to see that in the Atiyah class expression

a = dγ3
3 = −$3

13 ∧ σ1 −$3
23 ∧ σ2 ,

b = dγ4
4 = −$4

14 ∧ σ1 + 2$3
23 ∧ σ2

(computing modulo torsion and curvature, as they do not affect the Atiyah class).
Each only involves σ1, σ2, while 2a+b only involves σ1. Therefore 0 = (2a+b)2 and
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any polynomial of degree 3 or more in a, b vanishes. The associated Chern–Simons
form

T(2a+b)2 = (2γ3
3 + γ4

4) ∧ (2 dγ3
3 + dγ4

4) ,
= −(2γ3

3 + γ4
4) ∧ (2$3

13 +$4
14) ∧ σ1

is closed, precisely because of the vanishing of (2a+ b)2. Note also that Ta ∧ Tb is
closed, even though perhaps neither Ta nor Tb are.

Theorem 1. The tangent bundle TM of any 4-dimensional complex manifold M
with a holomorphic Engel plane field satisfies 0 = a(M,T )3 = c31 = c1c2 = c3 =
c22 = c4 in Dolbeault cohomology. The induced subbundles 0 =W0 ⊂W1 ⊂W2 ⊂
W3 ⊂ TM have c1(W1)2 = 0.

Summing up, the naive calculation using only the identification of the Lie algebra
g gave only one equation, of fourth order, in the Chern classes, while identification
of the prolongation g(1) gives 5 equations, 3 of third order and 2 of fourth order.

Example 3. The compact non-Kähler 4-fold M = SU3 has c31 6= 0 in Dolbeault
cohomology [11], so bears no holomorphic Engel plane field.

Example 4. A compact complex manifold with a holomorphic Engel plane field
is not of general type.

But we know more, at least in some rough intuitive heuristic form: the Atiyah
class of the frame bundle of a complex 4-manifold is computed as a differential form
which, in coordinates, has 64 components. But the Atiyah class of an G-bundle is
expressed as a differential form with 32 components. Finally, taking into account
the prolongation, there are only 14 components.

5. Example: Baum–Bott

Suppose that W ⊂ TM is a holomorphic rank p subbundle of the tangent
bundle of a complex manifold M . Denote the complex dimension of M by p+ q.
Let G ⊂ GLp+q be the subgroup preserving W := Cp⊕ 0 ⊂ Cp+q, G0 the subgroup
preserving a complement. Let G→ E →M be the G-structure consisting of the
pairs (m,u) where m ∈M and u : TmM → Cp+q is a complex linear isomorphism
for which u(Wm) = W .

If we let

∇
(
σi

σI

)
:= d

(
σi

σI

)
+
(
γij γiJ
0 γIJ

)
∧
(
σi

σI

)
,

then, after absorption of torsion,

∇
(
σi

σI

)
= 1

2

(
0

tIjkσ
j ∧ σk

)
,

so the torsion is tIjk. We leave the reader to check that the torsion is anchored
if and only if it vanishes, which occurs if and only if the subbundle W ⊂ TM is
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bracket closed, i.e. a holomorphic foliation, and the only possible anchor is t = 0.
We then find that, if we set

∇
(
γij γiJ
0 γIJ

)
:= d

(
γij γiJ
0 γIJ

)
+
(
γik γiK
0 γIK

)
∧
(
γkj γkJ
0 γKJ

)
+
(
$i
jk ∧ σk +$i

jK ∧ σk $i
Jk ∧ σk +$i

JK ∧ σk
0 $I

Jk ∧ σk +$I
JK ∧ σk

)
then

∇
(
γij γiJ
0 γIJ

)
= 0

for any local choice of prolongation pseudoconnection, which is not surprising, as all
holomorphic foliations are locally isomorphic. The 1-forms γIJ are the holomorphic
connection on the normal bundle of each leaf.

Take any GLq-invariant polynomial P of degree ≥ q + 1, perhaps valued in a
finite dimensional holomorphic GLq-module. Write, as above,

∇γIJ = dγIJ + γIK ∧ γKJ .

We find
P (∇γIJ) = P (−γIJK ∧ γK) ,

expands out to have more than q 1-forms ωK in each term. But there are only q
such 1-forms, so

P (∇γIJ) = 0
modulo torsion. The Chern–Simons form is then

TP = P (γIJ ,∇γIJ , . . . ,∇γIJ)

which also vanishes, modulo torsion, if there are more than q 1-forms ωK in each
term, i.e. if P has degree q + 2 or more. We recover the Baum–Bott theorem [3] p.
287 for holomorphic folations, with results of Kamber and Tondeur [15]:

Theorem 2. All Chern classes, in Dolbeault cohomology, of the normal bundle of
any holomorphic foliation, of degree more than the codimension of the foliation,
vanish. All of their associated Chern–Simons classes, in Dolbeault cohomology, of
degree at least two more than the codimension of the foliation, vanish.

Again, we stress that this theorem is a direct consequence of the linear algebra
computation of g(1) for G ⊂ GLp+q the stabilizer of a p-dimensional linear subspace.

6. Example: Baum–Bott with volume form

We want to see our theory give rise to new results similar to the Baum–Bott
vanishing theorem. If F is a holomorphic foliation on a complex manifold M
equipped with a holomorphic volume form, we can write the foliation and volume
form together as a holomorphic G-structure where G ⊂ SLp+q is the group of
unimodular complex linear transformations preserving Cp + 0 ⊂ Cp+q. Calculate
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g(1) to see that, in the standard flat geometry, the expression a = −ωijk ∧ σk
becomes

−
(
$i
jk ∧ σk +$i

jK ∧ σK $i
Jk ∧ σk +$i

JK ∧ σK
0

(
$I
JK − 1

q+1 (δIJ$i
iK + δIK$

i
iJ)
)
∧ σK

)
where $i

ij = 0 and $i
jk = $i

kj and $I
IJ = 0 and $I

JK = $I
KJ . Therefore if we

write
c1(TF ) = $i

iK ∧ σK

then the (1, 1)-part of this form descends to Dolbeault cohomology to represent
c1(TF ). Clearly as above

c1(TF )q+1 = 0,

T q+2
c1(TF ) = 0

in addition to the results we saw previously from the Baum–Bott theorem.

7. Example: scalar conservation laws

Bryant, Griffiths and Hsu [6] constructed out of any scalar conservation law
an equivalent G-structure. Their G-structure has structure equations (in a slight
alteration of their notation)

d

σ1

σ2

σ3

 = −

2ω1 0 0
0 ω1 0
0 ω2 −ω1

 ∧
σ1

σ2

σ3

+

Kσ2 ∧ σ3

σ1 ∧ σ3

0

 .

They consider a real scalar conservation law. We will consider a holomorphic
scalar conservation law, for which exactly the same derivation yields a holomorphic
G-structure. In our notation,

σ =

σ1

σ2

σ3

 ,

γ =

2γ1 0 0
0 γ1 0
0 γ2 −γ1

 ,

γ0 =

2γ1 0 0
0 γ1 0
0 0 −γ1

 ,

where γ0 is the projection to the Lie algebra of the maximal reductive subgroup.
Take the prolongation of the Lie algebra to get

dγ + γ ∧ γ = −

0 0 0
0 0 0
0 $3

32 ∧ σ2 0

 = −$ ∧ σ ,

modulo torsion. Clearly all Chern classes of the tangent bundle vanish, so a complex
3-manifold which is the phase space of a holomorphic conservation law has all Chern
classes of its tangent bundle vanish in Dolbeault cohomology. It is not clear whether
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the Atiyah class of the tangent bundle vanishes, but a(M,T )2 = 0. There is a trivial
characteristic class dω1 = 0 in Dolbeault cohomology, so that the various invariant
subbundles of the tangent bundle, forming a flag, have holomorphic connections on
their associated graded line bundles. There is a possibly nontrivial characteristic
class dω2 = −ω3

32 ∧ σ2, vanishing on the leaves of 0 = σ2 = σ3, so on those leaves,
the tangent bundle of the 3-fold M pulls back to split into a direct sum, with a
holomorphic affine connection.

Clearly the Chern–Simons classes in Dolbeault cohomology Tc1 , Tc2 , Tc3 of the
tangent bundle all vanish as well. For example,

(−2πi)2Tc2 = ωij ∧∇ω
j
i ,

= − tr

2γ1 0 0
0 γ1 0
0 γ2 −γ1

 ∧
0 0 0

0 0 0
0 $3

32 ∧ σ2 0

 ,

= 0 .

8. Example: projective Baum–Bott

We modify the discussion above to consider a holomorphic foliation with trans-
verse normal projective connection. Take a rank p holomorphic foliation on a
complex manifold M of dimension p+ q, with a transverse holomorphic projective
connection. From the Baum–Bott theory, every polynomial in Chern classes of
degree (as a differential form) exceeding q + 1 vanishes in Dolbeault cohomology.
We leave the reader to justify the structure equations:

∇
(
σi

σI

)
= 0

and

∇
(
γij γiJ
0 γIJ

)
= −

(
$i
jk ∧ σk +$i

jK ∧ σK $i
Jk ∧ σk +$i

JK ∧ σK
0 (δIJ$K + δIK$J) ∧ σK

)
modulo torsion.

The normal bundle of the foliation is the associated vector bundle associated
the the representation

ρ

(
γij γiJ
0 γIJ

)
= γIJ .

The Atiyah class of the normal bundle is therefore represented in Dolbeault coho-
mology by

∇γIJ = dγIJ + γIK ∧ γKJ ,

= −δIJ$K ∧ σK −$J ∧ σI

modulo torsion.
The example of M = Cp × Pq with the obvious foliation and tranverse projec-

tive connection obviously has translations and projective transformations acting
transitively on the total space of every prolongation. Looking at the example, the
Atiyah class of the normal bundle is just computed precisely as the Atiyah class
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of the tangent bundle of Pq, since it only involves the 1-forms with capital letter
superscripts and subscripts. In particular, besides the results from the Baum–Bott
theorem, we find:

Theorem 3. Take a holomorphic foliation F of rank p on a complex manifold M
of complex dimension p+ q, with transverse holomorphic projective connection. If
N is the normal bundle, then, in Dolbeault cohomology:

i(q + 1)a(N) = 2πI ⊗ c1(N) + 2πc1(N)⊗ I

and (
q + 1
k

)
ck1(N) = (q + 1)kck(N) .

These equations hold for the tangent bundle of Pq, and so we correctly predict
them here; plugging in the structure equations, they pop out.

9. Example: split tangent bundle

Theorem 4. Suppose that G ⊂ GLn is a reductive linear algebraic group. Take
any polynomial which vanishes on the infinitesmal characteristic forms of G as
defined in 2.5. Then that polynomial vanishes on the Chern classes in Dolbeault
cohomology of any complex manifold which admits a holomorphic G-structure.

Proof. Every holomorphic G-structure is anchored, by splitting g ⊗ Cn∗ into
irreducible G-modules. We fix one such anchoring of all G-structures and apply
Lemma 3. �

We recover [4] p. 3, Lemma 3.1; our proof is longer, but only because we wish
to be very explicit in computing the structure equations.

Theorem 5. Suppose that M is a complex manifold and that V ⊂ TM is a
holomorphic direct summand of TM . Then the Atiyah class aV of V lies in
H1(M,V ∗ ⊗ V ∗ ⊗ V ). In particular, every class in Hr(M,Ωr) given by a po-
lynomial in the Chern classes of V in Dolbeault cohomology vanishes for r exceeding
the rank of V .

Proof. Suppose that TM = V ⊕W . Let E be the set of pairs (m,u) for m ∈M and
u : TmM → Cn a linear isomorphism taking Vm,Wm to some fixed complementary
linear subspaces Cp⊕ 0, 0⊕Cq ⊂ Cn, n = p+ q, so E is a holomorphic G-structure
where G = GLp×GLq ⊂ GLn is the set of linear transformations preserving those
subspaces. We prove the stronger result that the Atiyah form of the associated
holomorphic G-structure lies in a direct sum. (Roughly speaking, the computation
of the Chern classes in Dolbeault cohomology proceeds, as in our general theory
above, exactly as if there were no torsion. For a splitting of the tangent bundle,
this means as if the splitting V ⊕W were bracket closed, i.e. locally a product.)

Compute the prolongation:

g(1) = gl(1)
p ⊕ gl(1)

q .
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The proof is then just to compute the pairing g(1) ⊗Cn → g to see the Chern form
equations. To be more explicit, we work out the complete structure equations. In
indices

i, j, k, ` = 1, 2, . . . , p ,
I, J,K,L = p+ 1, p+ 2, . . . , p+ q = n ,

write the structure equations:

d

(
σi

σI

)
+
(
γij 0
0 γIJ

)
∧
(
σj

σJ

)
= 1

2

(
tiJKσ

J ∧ σK
tJjkσ

j ∧ σk
)
,

with anchor being the vanishing of all other torsion components, i.e. we have
absorbed torsion. Differentiating the structure equations yields relations on the
1-torsion and 2-torsion:

0 = −(dγij + γik ∧ γkj +$i
jk ∧ σk) ∧ σj + 1

2(dtiJK − tiLKγLJ + tiJLγ
L
K) ∧ σJ ∧ σK .

The Atiyah forms of V and of W = TM/V are:
aV = dγij + γik ∧ γkj = −$i

jk ∧ σk,
aW = dγIJ + γIK ∧ γKJ = −$I

JK ∧ σK ,
modulo 1-torsion and 2-torsion. There are no capital letter indices in aV , which is
the crucial observation. The Atiyah class aV in Dolbeault cohomology is represented
by differences of these −($i

jk)0,1∧σk across local holomophic sections of E. The σk
on each pulls back to a local holomorphic section of V ∗, while (ϕijk)0,1 pulls back to
a local smooth (0, 1) section of V ∗ ⊗ V . If we wedge more than p of these together,
we wedge together more than p σi 1-forms, but there are only p of these. �

10. Conclusion

The reader can construct a purely holomorphic theory of Slovák cohomology for
G-structures, by imitation of the theory for Cartan geometries [17].

It remains to define G-structures on singular varieties, generalizing the theory of
singular locally Hermitian symmetric varieties, on which some results about charac-
teristic class invariants are known [19] which generalize Hirzebruch’s proportionality
theorem.
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